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Abstract 
In this paper we describe the software tools that we have developed for the analysis of charged particle optical systems with 
curved optical axes. Examples of such elements are: omega filters, which are used for energy selection; magnetic prisms, used for 
bending and separating beams; Wien filters, which can be used for separating two beams of different mass or velocity; and wide 
angle scanning systems where aberrations referred to a straight optical axis can become meaningless. The analysis of curved axis 
systems can be sub-divided into three main tasks: the computation of the electric and magnetic fields that the beam passes 
through; the computation of the axis path and the extraction of the necessary field quantities; and the computation of the optical 
properties and aberrations.  We discuss the methods we’ve employed to accomplish these tasks and demonstrate the use of the 
software with some illustrative examples.   © 2008 Elsevier B.V.
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1. Introduction 
In the quest for superior resolution, greater speed and more diverse applicability, charged particle optical 
designers are introducing more complex optical elements into their systems, including those where the optical axis is 
curved through a large angle.  Examples of such elements are omega filters used for energy selection [1], magnetic 
prisms [2], which may also be used in combination with mirrors in LEEM systems [3], Wien filters [4], which can 
be used for separating two beams of different mass or velocity, and wide angle scanning systems where aberrations 
referred to a straight optical axis can become meaningless. It is becoming increasingly important for designers to be 
able to model systems where the optical axis is curved and this, in turn, requires improved software to analyse and 
optimise such systems to maximise their theoretical advantages in a practical instrument. 
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As with the optics of a straight-axis, the analysis of curved axis systems can be broadly sub-divided into three 
main tasks: (1) the computation of the electric and magnetic fields that the beam passes through (2) the computation 
of the axis path and the extraction of the necessary field quantities; (3) the computation of the optical properties and 
aberrations.  There are still, of course, ancillary requirements, such as post-processing the aberration data, 
computing rays with chosen initial conditions and interfacing several adjoining regions. 
 
For the field computation, we employ several techniques, depending on the symmetry of the system under 
consideration.  We restrict our analysis to systems where the bending occurs in a plane (i.e. there is no torsion of the 
beam).  For bending magnets, we represent the field inside the poles by analytic models and the fields near the 
entrance and exit regions of the poles by either conformal mapping based on a Schwarz-Christoffel transformation 
[5] for homogeneous magnets or by full 3D field computations using finite difference method [6] in cases where the 
central field is inhomogeneous.  For Wien filters, we compute the deflection and quadrupole fields with either 
second-order finite element method [7], or charge density method for cases with multipolar symmetry or a fully 3D 
finite difference method [6] in cases where the electrode and polepiece geometry has a more general shape. 
 
To compute the path of the optical axis, we solve the equations of motion in general curvilinear space [8], 
extracting the necessary field components from the previously computed potential and field analyses.  At each step 
on the axis we extract the multipole field components that will be used in computing the optical properties and 
aberrations [9].  In some cases, where we perform an accurate direct ray-trace or we employ a differential algebraic 
technique[10] to evaluate the aberrations, we also fit the extracted multipole harmonics with sets of analytic Hermite 
functions so that the resulting fields are self-consistent, obey Laplace’s equation at all points and are continuously 
differentiable [11]. 
 
The paraxial ray computation is performed using the previously computed multipole field harmonics along the 
curved axis.  The focus variables in the system (e.g. coil excitations in the bending magnet, pole face tilt angles, 
external quadrupole lenses, Wien filter strength, etc.) are adjusted in order to achieve the required focus conditions.  
Unlike a straight axis analysis, variation of some parameters in a curved axis system results in a change in path of 
the optical axis. Therefore the field computation, axis path calculation and paraxial ray evaluation are usually 
repeated in an iterative cycle until the desired targets for the axis path and focus conditions are satisfied. 
 
The remaining optical properties and aberrations are computed in several ways.  For some systems, for example 
omega filters, we have derived aberration integrals that we evaluate using the previously computed fields and 
paraxial rays [12].  In some systems we compute bundles of rays through the system to evaluate the optical 
properties combined with the Coulomb interactions [13].  In other cases, we employ a differential algebraic 
technique [14]; this is a very powerful and elegant method that enables us to compute aberrations easily up to an 
arbitrary order without the need to derive complex aberration integrals. 
 
2. Magnetic Prisms 
For LEEM and many other applications, magnetic prisms with 90º bending angles are required.  We have 
developed a software package called PRISM for this application.  A typical example of the simulation is shown in 
Fig. 1. 
 
The bending normally takes place in a plane, about which the polepieces have mid-plane symmetry.  Usually the 
magnetic polepieces are parallel or perpendicular to this plane and the permeability is very high.  The field in each 
individual gap region is represented by a conformal mapping, using a Schwarz-Christoffel transformation [5], which 
maps the region of the gap into the entire space into the mapping plane.  The geometry of an individual gap is shown 
in Fig. 2. 
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Fig. 1.  Simulation of a magnetic prism with the PRISM software package. 
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Fig. 2.  Geometry of an individual pole-piece gap. 
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Denoting a general point in the (x,y) plane by the complex variable z = x+iy, and a general point in the mapping 
plane (u,v) by the complex variable t = u+iv, the required conformal mapping between corresponding points in the z-
plane and the t-plane is given by 
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where r = S/D, the pole-piece gap/spacing ratio.  The flux density components (Bx, By) are given by 
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To obtain the flux density components (Bx, By) at any given point (x,y), the procedure is as follows:  Set z = x+iy, 
then obtain the corresponding complex variable t by solving Eq. (1) for t by a root search in the complex plane.  
Then calculate the complex variable W in Eq. (3) at the given value of t, and finally obtain (Bx, By) from the 
imaginary and real parts of W.  The tricky part in implementing this procedure is to obtain a fast a reliable root 
search algorithm for finding t for any given point z. 
 
After obtaining a reliable algorithm for the field in a single gap, the field for multiple gaps is obtained by a 
straightforward superposition of the fields of the individual gaps, care being taken to subtract off the common parts 
of the asymptotic fields that have been counted twice in the superposition of each pair of gap fields. 
 
The path of the optical axis, and the paraxial rays and primary aberrations, are then computed using the formulae 
given by Rose and Krahl [1]. The direct ray-tracing is done numerically using a fifth-order Runge-Kutta algorithm 
with Cash-Karp parameters and adaptive step size control [15] 
 
Electron trajectories through these analytic fields are computed extremely accurately by direct ray tracing.  The 
multipole field functions (dipole, quadrupole and hexapole) are computed along the curved optical axis, as are the 
paraxial rays.  An autofocus scheme permits the magnet geometry and the polepiece excitations to be adjusted to 
provide the required bending angle, whilst simultaneously focusing stigmatically in both x and y, in two independent 
planes, so that to first order the prism behaves exactly like a round lens.  The program then computes the focal 
length, dispersion and aberrations of the prism.  The aberrations can be plotted in the form of spot diagrams, as 
illustrated in Fig. 1. 
 
3. Imaging Energy Filters 
Omega filters (also called imaging energy filters) are placed after the objective lens in a Transmission Electron 
Microscope (TEM) to provide energy filtered images.  In a 200 keV microscope, about 1 eV energy resolution can 
be obtained with this type of filter, which greatly increases the usefulness and information content provided by the 
microscope.  The filter usually contains four bending magnets, which refract the beam in an -shaped path, as 
shown in Fig. 3.  In order to design such filters, we have developed a software package called FILTER. 
 
Our software first does an approximate design, using idealized fields with a Short Cut Off Fringing Field 
(SCOFF) approximation, as shown in Fig. 3.  The filter properties, including the pole-face tilt angles and magnet 
spacings, are adjusted so that stigmatic imaging in x and y is achieved with the nominal energy rays (shown in 
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Green in Fig. 3), and then rays of a slightly different energy are traced (shown in Red in Fig. 3), to calculate the 
dispersion in the x direction, at the slit plane. 
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Fig. 3.  Omega filter comprising four bending magnets (BM1-BM4) in plan view and along a straightened axis in x and y projections 
For detailed design of the real filter, our software then computes the real fields in either homogeneous or 
inhomogeneous bending magnets, using either 2D or 3D magnetic field simulation, as required.  Fig. 4 shows an 
example of the analysis of a filter with inhomogeneous bending magnets where the fields and ray-tracing is done in 
3D. 
 
 
Fig. 4.  3D simulation of a real   Filter with inhomogeneous magnets 
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We have employed a novel technique to compute the paraxial rays and aberrations in the filter, including the 
effects of real fringing fields near the edges of the bending magnets. The calculation method involves two main 
steps: computation of transfer matrices near the edge of the magnets; interpolation and use of the pre-computed 
transfer matrices to calculate the optical properties.  These steps are now described in more detail. 
 
Firstly, we compute a set of transfer matrices, which describe the behaviour of the rays and primary aberrations 
near the entrance and exit regions of each bending magnet.  Transfer matrices are computed for a discrete set of 
poleface tilt angles in the required range.  For homogeneous magnets we compute a 2D magnetic field near the 
magnet edge; for an inhomogeneous magnet, a 3D magnetic field calculation is required.  A direct ray trace through 
the computed fields is then performed, from which the paraxial ray transfer matrices are deduced.  By extracting the 
axial field functions from the directly traced curved optical axis and by evaluating suitable aberration integrals, the 
aberration transfer matrices for the edge region of the magnet are deduced. 
 
Secondly, we use the discrete set of transfer matrices in an optical properties program.  We use analytic transfer 
matrices in the uniform bending regions of the magnets and in the drift regions between them.  For the regions near 
the edge of the magnet, we interpolate on the set of pre-computed transfer matrices to find the conditions for the 
particular poleface tilt angle required. The filter is focused by adjusting a chosen combination of the poleface tilt 
angles of the magnets and the drift spacings between the magnets.  A damped least squares optimisation method is 
used to adjust these focus variables in order to minimise the focus errors at both the slit plane and the image plane of 
the filter.  The aberrations are then computed by evaluating aberration integrals along the curved optical axis.  The 
contributions to the aberrations near the edges of the magnets are found by interpolating on the discrete set of 
aberration transfer matrices, which have been pre-computed numerically in the first stage of the calculation.   
 
When we have computed the optical properties of the filter, including the axis, paraxial rays and primary 
aberrations, we can then plot diagrams of the spot shape at the image plane of the filter and also at the energy 
selection (or slit) plane.  Fig. 5 shows spot diagrams for all electrons in the beam.  Typically, we want to perform 
some energy selection in the beam by removing some of the electrons at the slit plane.  For a TEM, we might want 
to remove the plasmon-loss electrons (the left-hand bundle of electrons in Fig. 5(b).  In the software, we can remove 
chosen electrons at the energy selection (slit) plane and plot the resulting spot diagram at the image plane for the 
remaining particles, as illustrated in Fig. 5(c) 
 
 
   (a) (b) (c) 
Fig. 5.  Spot Diagrams for imaging energy filter. (a)  Spot diagram in image plane for all electrons; (b)  Spot diagram in slit plane for nominal 
energy and plasmon loss electrons; (c) Spot diagram in image plane after removal of Plasmon energy loss electrons at the slit plane 
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4. Simulation of General Curved Axis Systems 
For systems containing general curved axis elements, we have developed our CURVED_IMAGE software, 
which handles any magnetic and electrostatic structures, with mid-plane symmetry, with fully 3D field distributions, 
provided that the curved optical axis lies in a plane. 
 
An example of a Wien filter is shown in Fig. 6.  An axial sliced through the filter is shown in Fig. 6(a), with the 
finite difference mesh lines superimposed.  The crossed E and B fields are used as a beam separator for LEEM, 
where the sample is on the left hand side of the filter in Fig. 6(a). The electric and magnetic fields are adjusted to 
satisfy two main requirements simultaneously: firstly to bend the incoming illuminating beam through the required 
angle; and secondly to ensure that the imaging beam can pass through the filter undeflected for optimum optical 
acuity.  For our example, this meant that the electrode and polepiece excitations are V = ±535.3 Volts and NI = 
±11.36 Amp-Turns respectively.  The illuminating beam enters the Wien filter with 5 keV energy at 20° to the axis, 
and the electric force FE and magnetic force FM are in the same direction and are suitably adjusted to bend the beam 
on to the straight optical axis of the imaging beam (Fig. 6(b)).  The illuminating beam then approaches the sample 
where it is either reflected very close to the surface or impinges on the sample thereby creating secondary electrons. 
The reflected electrons or secondary electrons then contain information about the surface of the sample and these 
electrons can then be imaged to reveal this information.  In our example, the imaging beam leaves the sample and 
returns through the filter with 4 keV energy.  The forces in the filter FE and FM are now in opposite directions due to 
the reversed direction of the beam (the magnetic force FM is velocity dependent) and the filter strength is adjusted to 
enable imaging beam passes straight through the filter (Fig. 6(c)). The Wien filter introduces astigmatism in the 
imaging beam, which can be corrected by introducing quadrupole magnetic or electrostatic excitations onto the 
octupole structure of the filter electrodes (Fig. 6(d)). 
 
The flux density Bz(x,y) and electric potential Φ(x,y) in the mid-plane are first computed with our CO-3D 
software, which uses the finite difference method [6].  These functions are fitted with fifth-degree b-splines in x and 
y directions.  The curved axis path is then computed by direct ray-tracing in the bending plane.  The electric and 
magnetic bending fields can be auto-adjusted to provide any required total bending angle.  We then compute the axis 
curvature, κ(z), the first five multipole components of the magnetic field, ψ1s(z) – ψ5s(z), and the first five multipole 
components of electric field, φ0s(z) – φ4s(z) and plot them out, for example as shown in Fig 7for the electrostatic 
field functions.  These multipole functions are then fitted with Hermite functions, exactly as in our straight-axis 
IMAGE software [11] and these are inserted in the ray equations for the curved axis system. 
 
In the CURVED IMAGE software, the Wien filter can be combined with other optical elements, including round 
lenses and multipoles.  The optical properties are computed by tracing paraxial rays relative to the computed curved 
axis, and then evaluating the aberration coefficients with the DA method [14].  Complete bunches of particles can be 
ray traced simultaneously and the Coulomb interaction effects can be computed using a multi-particle Monte-Carlo 
computation [11].  Spot diagrams of the aberrations and the Coulomb blur can then be plotted, as shown in Fig 8. 
 
5. Conclusions 
We have developed several software packages to analyse and design charged particle optical systems with curved 
optical axes.  The software uses a variety of methods to compute the electric and magnetic fields in the optical 
elements and the electron paths through the system.  The optical properties, including the axis path, paraxial rays, 
aberrations and Coulomb interaction effects can be computed for a variety of devices and optical systems.  We have 
illustrated the use of the software with some practical examples 
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 (c) (d) 
Fig. 6.  Simulation of a Wien Filter for separating illuminating and imaging beams. (a) F.D. mesh layout in bending plane.  
(b) Path of 5 keV illuminating beam. (c) Path of 4 keV imaging beam. (d) Cross-section view 
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Fig 7.  Electrostatic multipole field functions along curved optical axis of the Wien filter. 
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 (a) (b) 
Fig 8.  Spot Diagrams for Wien Filter. (a) Aberrations computed by DA method. (b) Coulomb Interactions by n-body simulation. 
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